A characterization of Konig-Egervary graphs using a common property of
  all maximum matchings by Levit, Vadim E. & Mandrescu, Eugen
ar
X
iv
:0
91
1.
46
26
v1
  [
cs
.D
M
]  
24
 N
ov
 20
09
A characterization of Ko¨nig–Egerva´ry graphs using a
common property of all maximum matchings
Vadim E. Levit
Ariel University Center of Samaria, Ariel, Israel
levitv@ariel.ac.il
Eugen Mandrescu
Holon Institute of Technology, Holon, Israel
eugen m@hit.ac.il
Abstract
The independence number of a graph G, denoted by α(G), is the cardinality of
an independent set of maximum size in G, while µ(G) is the size of a maximum
matching in G, i.e., its matching number. G is a Ko¨nig–Egerva´ry graph if its order
equals α(G)+µ(G). In this paper we give a new characterization of Ko¨nig–Egerva´ry
graphs. We also deduce some properties of vertices belonging to all maximum
independent sets of a Ko¨nig–Egerva´ry graph.
Key words: maximum independent set, maximum matching, core of a graph,
critical vertex.
1 Introduction
Throughout this paper G = (V,E) is a simple (i.e., a finite, undirected, loopless and
without multiple edges) graph with vertex set V = V (G), edge set E = E(G), and order
n(G) = |V (G)|.
If X ⊂ V , then G[X ] is the subgraph of G spanned by X . By G −W we mean the
subgraph G[V −W ], if W ⊂ V (G). For F ⊂ E(G), by G − F we denote the partial
subgraph of G obtained by deleting the edges of F , and we use G− e, if W = {e}.
If A,B ⊂ V and A ∩B = ∅, then (A,B) stands for the set
{e = ab : a ∈ A, b ∈ B, e ∈ E}.
The neighborhood of a vertex v ∈ V is the set
N(v) = {w : w ∈ V, vw ∈ E},
and N(A) = ∪{N(v) : v ∈ A}, while N [A] = A ∪N(A) for A ⊂ V .
By Pn, Cn,Kn we mean the chordless path on n ≥ 3, the chordless cycle on n ≥ 4
vertices, and respectively the complete graph on n ≥ 1 vertices.
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A set S of vertices is independent if no two vertices from S are adjacent. An in-
dependent set of maximum size will be referred to as a maximum independent set of
G. The independence number of G, denoted by α(G), is the cardinality of a maximum
independent set of G.
By Ind(G) we mean the set of all independent sets of G. Let Ω(G) denote the set of
all maximum independent sets of G [15], and
core(G) = ∩{S : S ∈ Ω(G)}.
A matching (i.e., a set of non-incident edges of G) of maximum cardinality µ(G) is a
maximum matching, and a perfect matching is one covering all vertices of G. A vertex
v ∈ V (G) is µ-critical provided µ(G− v) < µ(G).
It is well-known that
⌊n/2⌋+ 1 ≤ α(G) + µ(G) ≤ n
hold for any graph G with n vertices. If α(G) + µ(G) = n, then G is called a Ko¨nig-
Egerva´ry graph (a K-E graph, for short). We attribute this definition to Deming [5],
and Sterboul [25]. These graphs were studied in [3, 11, 21, 22, 24], and generalized in
[2, 23]. Several properties of K-E graphs are presented in [14, 16, 17, 18, 19].
Theorem 1.1 [16] If G = (V,E) is a Ko¨nig-Egerva´ry graph, then:
(i) each maximum matching M of G matches N(core(G)) into core(G);
(ii) H = G−N [core(G)] is a K-E graph with a perfect matching and each maximum
matching of H can be enlarged to a maximum matching of G.
According to a well-known result of Ko¨nig [10] and Egerva´ry [7], every bipartite graph
is a K-E graph. This class includes also some non-bipartite graphs (see, for instance,
the graph from Figure 1).
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Figure 1: G is a K-E graph with α(G) = |{a, b, c, x}| = 4 and µ(G) = |{au, cv, xy}| = 3.
It is easy to see that if G is a K-E graph, then α(G) ≥ µ(G), and that a graph G
having a perfect matching is a K-E graph if and only if α(G) = µ(G).
If S is an independent set of a graph G and H = G[V −S], then we write G = S ∗H .
Clearly, any graph admits such representations. However, some particular cases are of
special interest. For instance, if E(H) = ∅, then G = S ∗H is bipartite; if H is complete,
then G = S ∗H is a split graph [8].
Proposition 1.2 [16] If G is a graph, then the following assertions are equivalent:
(i) G is a Ko¨nig-Egerva´ry graph;
(ii) G = S ∗H, where S ∈ Ω(G) and |S| ≥ µ(G) = |V (H)|;
(iii) G = S ∗ H, where S is an independent set with |S| ≥ |V (H)| and (S, V (H))
contains a matching M of size |V (H)|.
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Let M be a maximum matching of a graph G. To adopt Edmonds’s terminology,
[6], we recall the following terms for G relative to M . The edges in M are heavy, while
those not inM are light. An alternating path from a vertex x to a vertex y is a x, y-path
whose edges are alternating light and heavy. A vertex x is exposed relative to M if x is
not the endpoint of a heavy edge. An odd cycle C with V (C) = {x0, x1, ..., x2k} and
E(C) = {xixi+1 : 0 ≤ i ≤ 2k − 1} ∪ {x2k, x0},
such that x1x2, x3x4, ..., x2k−1x2k ∈M is a blossom relative to M . The vertex x0 is the
base of the blossom. The stem is an even length alternating path joining the base of
a blossom and an exposed vertex for M . The base is the only common vertex to the
blossom and the stem. A flower is a blossom and its stem. A posy consists of two (not
necessarily disjoint) blossoms joined by an odd length alternating path whose first and
last edges belong to M . The endpoints of the path are exactly the bases of the two
blossoms.
Theorem 1.3 [25] For a graph G, the following properties are equivalent:
(i) G is a Ko¨nig-Egerva´ry graph;
(ii) there exist no flower and no posy relative to some maximum matching M ;
(iii) there exist no flower and no posy relative to every maximum matching M .
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Figure 2: Forbidden configurations. The vertex v is not adjacent to the matching edges
(namely, dashed edges).
In [9], Gavril defined the so-called red/blue-split graphs, as a common generalization
of K-E and split graphs. Namely, G is a red/blue-split graph if its edges can be colored
in red and blue such that V (G) can be partitioned into a red and a blue independent
set (where red or blue independent set is an independent set in the graph made of red or
blue edges). In [12], Korach et al. described red/blue-split graphs in terms of excluded
configurations, which led them to the following characterization of K-E graphs.
Theorem 1.4 [12] Let M be a maximum matching in a graph G. Then G is a Ko¨nig-
Egerva´ry graph if and only if G does not contain one of the forbidden configurations,
depicted in Figure 2, with respect to M .
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In [21], Lovasz gives a characterization of K-E graphs having a perfect matching, in
terms of certain forbidden subgraphs with respect to a specific perfect matching of the
graph.
The problem of recognizing K-E graphs is polynomial as proved by Deming [5],
of complexity O(|V (G)| |E(G)|). Gavril [9] has described a recognition algorithm for
K-E graphs of complexity O(|V (G)| + |E(G)|). The problem of finding a maximum
independent set in a K-E graph is polynomial as proved by Deming [5].
The number
d(G) = max{|S| − |N(S)| : S ∈ Ind(G)}
is called the critical difference of G. An independent set A is critical if |A| − |N(A)| =
d(G), and the critical independence number αc(G) is the cardinality of a maximum
critical independent set [26]. Clearly, αc(G) ≤ α(G) holds for any graph G. It is known
that the problem of finding a critical independent set is polynomially solvable [1, 26].
In [13] it was shown that G is a K-E graph if and only if αc(G) = α(G), thus giving
a positive answer to the Graffiti.pc 329 conjecture [4].
The deficiency of G, denoted by def(G), is defined as the number of exposed vertices
relative to a maximum matching [22]. In other words, def(G) = |V (G)| − 2µ(G).
In [20] it was proven that the critical difference for a K-E graph G is given by
d(G) = |core(G)| − |N(core(G))| = α(G) − µ(G) = def(G),
and using this finding it was demonstrated that G is a K-E graph if and only if each of
its maximum independent sets is critical.
In this paper we give a new characterization of K-E graphs based on some common
property of its maximum matchings, and further we use it in order to investigate K-E
graphs in more detail.
2 Results
Notice that all the maximum matchings of the graphs G1 and G2 from Figure 3 are
included in (S, V (Gi) − S), i = 1, 2, for each S ∈ Ω(Gi), i = 1, 2. On the other hand,
M1 = {xu, yz} andM2 = {xu, vz} are maximum matchings of the graph G3 from Figure
3, and S = {u, v} ∈ Ω(H2), but M1 * (S, V (G3)− S), while M2 ⊆ (S, V (G3)− S).
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Figure 3: G1 and G2 are Ko¨nig–Egerva´ry graphs, but only in G2 has a perfect matching.
G3 is not a Ko¨nig–Egerva´ry graph.
Theorem 2.1 For a graph G = (V,E), the following properties are equivalent:
(i) G is a Ko¨nig-Egerva´ry graph;
(ii) each maximum matching of G is contained in (S, V − S) for some S ∈ Ω(G);
(iii) each maximum matching of G is contained in (S, V − S) for every S ∈ Ω(G).
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Proof. (i) =⇒ (iii) Let G be a K-E graph. Suppose that there exist some S ∈ Ω(G)
and a maximum matchingM such thatM * (S, V −S). According to Proposition 1.2, G
can be written as G = S ∗H and µ(G) = |V (H)| = |V − S|. Since S is independent and
M * (S, V −S), there must be an edge inM∩E(H). Hence, we infer that µ(G) < |V (H)|,
in contradiction with µ(G) = |V (H)|. Therefore, M must be contained in (S, V − S).
(iii) =⇒ (ii) It is clear.
(ii) =⇒ (i) Let S ∈ Ω(G) enjoy the property that each maximum matching of G is
contained in (S, V − S).
Assume, on the contrary, that G is not a K-E graph, i.e., α(G)+µ(G) < |V (G)|. Let
M = {akbk : 1 ≤ k ≤ µ(G)} be a maximum matching in G. Since M ⊆ (S, V − S), we
infer that µ(G) ≤ |S| = α(G), and one may suppose that
A = {ak : 1 ≤ k ≤ µ(G)} ⊆ S, while
B = {bk : 1 ≤ k ≤ µ(G)} ⊆ V − S.
In addition, it follows that µ(G) < |V − S|, because
|S|+ |M | = α(G) + µ(G) < |V | = |S|+ |V − S| = α(G) + |V − S| .
Let x ∈ V − S −B and Sx be the set of vertices v ∈ B such that there exists a path
x = v1, v2, ..., v2k+1 = v, where v2iv2i+1 ∈ M, v2i ∈ A and v2i+1 ∈ B. We show that the
set S1 = {x} ∪ Sx ∪ (S −M(Sx)) is independent, where M(Sx) = {aj ∈ A : bj ∈ Sx}.
Claim 1. {x} ∪ (S −M(Sx)) is an independent set in G.
Clearly, S−M(Sx) is independent, as a subset of S. In addition, if xy ∈ E, for some
y ∈ S −M(Sx), then, according to the definition of Sx, no edge issuing from y belongs
to M . Hence, M ∪ {xy} is a matching in G, larger than M , in contradiction to the
maximality of M . Therefore, {x} ∪ (S −M(Sx)) is independent.
Claim 2. Sx is independent.
Otherwise, assume that bjbk ∈ E for some bj, bk ∈ Sx. By definition of Sx, there are
two paths:
P1 : x = v1, v2, ..., v2p+1 = bj ,
where v2iv2i+1 ∈M , v2i ∈ A and v2i+1 ∈ B, and
P2 : x = u1, u2, ..., u2q+1 = bk,
where u2iu2i+1 ∈M , u2i ∈ A and u2i+1 ∈ B.
Case 1. bk = v2s+1 is on the path P1 (similarly, when bj = u2s+1 on the path P2).
Then, it follows that
M1 = {v1v2, v3v4, ..., v2s−1v2s} ∪ {v2s+3v2s+4, v2s+5v2s+6, ..., v2p−1v2p} ∪ {bjbk}
is a matching with p edges, and
M2 =M1 ∪ (M − {v2iv2i+1 : 1 ≤ i ≤ p})
is a maximum matching in G. This contradicts the assumption that M2 ⊆ (S, V − S),
because bj , bk ∈ Sx ⊆ V − S.
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Case 2. The paths P1 and P2 have in common only the vertex x.
The edge bjbk closes a cycle with he paths P1 and P2. Now, the sets
M3 = {v1v2, v3v4, ..., v2p−1v2p} ∪ {u3u4, u5u6, ..., u2q−1u2q} ∪ {bjbk},
and
M4 = {v2iv2i+1 : 1 ≤ i ≤ p} ∪ {u2iu2i+1 : 1 ≤ i ≤ q}
are disjoint matchings in G, both with p + q edges, while M5 = M ∪ M3 − M4 is a
maximum matching that satisfies M5 * (S, V − S), in contradiction to the hypothesis.
Therefore, Sx must be an independent set in G.
Claim 3. No edge joins x to some vertex of Sx.
Suppose, on the contrary, that there is bj ∈ Sx, such that xbj ∈ E. By the definition
of Sx, there is a path x = v1, v2, ..., v2p+1 = bj , where v2iv2i+1 ∈ M, v2i ∈ A and
v2i+1 ∈ B. Then M1 = {v1v2, v3v4, ..., v2p−1v2p} is a matching in G with p edges, and
M2 =M ∪M1 ∪ {xbj} − {v2iv2i+1 : 1 ≤ i ≤ p}
is a maximum matching of G. Since x, bj ∈ V −S, it follows thatM2 * (S, V −S), again
in contradiction to the hypothesis.
Claim 4. No edge joins a vertex from S −M(Sx) to a vertex of Sx.
Otherwise, assume that there is y ∈ S−M(Sx), bj ∈ Sx, such that xbj ∈ E. As above,
there is a path x = v1, v2, ..., v2p+1 = bj, where v2iv2i+1 ∈ M, v2i ∈ A and v2i+1 ∈ B.
Then, the set M1 = {v1v2, v3v4, ..., v2p−1v2p} is a matching in G with p edges, and
M2 =M ∪M1 ∪ {ybj} − {v2iv2i+1 : 1 ≤ i ≤ p}
is a matching of G larger than M , thus contradicting the maximality of M .
Finally, we may conclude that
S1 = {x} ∪ Sx ∪ (S −M(Sx))
is an independent set in G, but this leads to the following inequality
|S1| = |S|+ 1 > α(G),
which clearly contradicts the fact that α(G) is the size of a maximum independent set
in G.
Proposition 2.2 If G = (V,E) is a Ko¨nig-Egerva´ry graph, then
(i) for every maximum matching each exposed vertex belongs to core(G).
(ii) at least one of the endpoints of every edge of G is a µ-critical vertex.
Proof. (i) By Theorem 2.1, every maximum matching M is included in (S, V − S), for
each maximum independent set S. Since |M | = |V − S|, we deduce that no exposed
vertex belongs to V − S, and consequently, no exposed vertex is in
∪{V − S : S ∈ Ω(G)} = V − ∩{S : S ∈ Ω(G)} = V − core(G).
In other words, every exposed vertex belongs to core(G).
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(ii) Suppose that uv ∈ E and v is not µ-critical, i.e., µ(G− v) = µ(G).
If α(G − v) = α(G), then we get the following contradiction:
|V | − 1 ≥ α(G − v) + µ(G− v) = α(G) + µ(G) = |V | .
Therefore, we infer that α(G− v) = α(G)− 1, i.e., v ∈ core(G). Hence, u ∈ N(core(G)),
and, consequently, u is µ-critical, because N(core(G)) is matched into core(G) by every
maximum matching in a K-E graph (by Theorem 1.1(i)).
Remark 2.3 The converse of Proposition 2.2(i) is false (see the graphs in Figure 4).
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Figure 4: The non-Ko¨nig-Egerva´ry graphsW andH have all exposed vertices in core(W )
and core(H), respectively.
Remark 2.4 Proposition 2.2(ii) is not specific for K-E graphs; see, for instance, the
graph G1 from Figure 5. On the other hand, there exist graphs where the endpoints of
(a) some edges are not µ-critical (e.g., the edge ab of the graph G2 from Figure 5), (b)
each edge are not µ-critical (e.g., the graph G3 from Figure 5).
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Figure 5: All Gi, i = 1, 2, 3, are not Ko¨nig–Egerva´ry graphs.
Proposition 2.5 Let G be a Ko¨nig-Egerva´ry graph G and v ∈ V (G) be such that G− v
is still a Ko¨nig-Egerva´ry graph. Then v ∈ core(G) if and only if there exists a maximum
matching that does not saturate v.
Proof. Since v ∈ core(G), it follows that α(G − v) = α(G) − 1. Consequently, we have
α(G) + µ(G)− 1 = |V (G)| − 1 = |V (G− v)| = α(G − v) + µ(G− v)
which implies that µ(G) = µ(G − v). In other words, there is a maximum matching in
G not saturating v.
Conversely, suppose that there exists a maximum matching in G that does not satu-
rate v. Since, by Theorem 1.1(i), N(core(G)) is matched into core(G) by every maximum
matching, it follows that v /∈ N(core(G)).
Assume that v /∈ core(G). By Theorem 1.1(ii), H = G − N [core(G)] is a K-E
graph, H has a perfect matching and every maximum matching M of G is of the form
M = M1 ∪ M2, where M1 matches N(core(G)) into core(G), while M2 is a perfect
matching of H . Consequently, v is saturated by every maximum matching of G, in
contradiction with the hypothesis on v.
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Remark 2.6 The above proposition is not true if G− v is not a K-E graph; e.g., each
maximum matching of the graph G from Figure 1 saturates c ∈ core(G) = {a, b, c}.
Corollary 2.7 For every bipartite graph G, the vertex v ∈ core(G) if and only if there
exists a maximum matching that does not saturate v.
3 Conclusions
In this paper we give a new characterization of Ko¨nig-Egerva´ry graphs similar in form
to Sterboul’s Theorem 1.3. It seems to be interesting to characterize Ko¨nig-Egerva´ry
graphs with unique maximum independent sets.
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